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1. Introduction
One of the most interesting questions in the theory of functional analysis concerning the Ulam stability problem of
functional equations is as follows: when is it true that a mapping satisfying a functional equation approximately must be
close to an exact solution of the given functional equation?
The ﬁrst stability problem was raised by S.M. Ulam [21] during his talk at the University of Wisconsin in 1940. We are
given a group G and a metric group G ′ with metric ρ(·,·). Given  > 0, does there exist a δ > 0 such that if f : G → G ′
satisﬁes ρ( f (xy), f (x) f (y)) < δ for all x, y ∈ G , then a homomorphism h : G → G ′ exists with ρ( f (x),h(x)) <  for all
x ∈ G? For very general functional equations, the concept of stability for functional equations arises when we replace the
functional equation by an inequality which acts as a perturbation of the equation. Thus the stability question of functional
equations is that how do the solutions of the inequality differ from those of the given functional equation? If the answer is
aﬃrmative, we would say that the equation is stable.
In 1941, D.H. Hyers [9] considered the case of approximately additive mappings f : E → E ′ , where E and E ′ are Banach
spaces and f satisﬁes Hyers inequality
∥∥ f (x+ y) − f (x) − f (y)∥∥ 
for all x, y ∈ E . It was shown that the limit L(x) = limn→∞ f (2nx)2n exists for all x ∈ E and that L : E → E ′ is the unique
additive mapping satisfying
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And then T. Aoki [1], D.G. Bourgin [3] considered the stability problem with unbounded Cauchy differences. In 1978,
Th.M. Rassias [17] provided a generalization of Hyers’ theorem by proving the existence of unique linear mappings near
approximate additive mappings. It was shown by Z. Gajda [4], as well as by Th.M. Rassias and P. Šemrl [18] that one can-
not prove a stability theorem of the additive equation for a speciﬁc function. P. Gaˇvruta [6] obtained generalized result
of Th.M. Rassias’ theorem which allows the Cauchy difference to be controlled by a general unbounded function. In 1987
Z. Gajda and R. Ger [5] showed that one can get analogous stability results for subadditive multifunctions. In 1978 P.M. Gru-
ber [8] remarked that Ulam’s problem is of particular interest in probability theory and in the case of functional equations
of different types. We wish to note that stability properties of different functional equations can have applications to un-
related ﬁelds. For instance, Zhou [22] used a stability property of the functional equation f (x − y) + f (x + y) = 2 f (x) to
prove a conjecture of Z. Ditzian about the relationship between the smoothness of a mapping and the degree of its approx-
imation by the associated Bernstein polynomials. These stability results can be applied in stochastic analysis [11], ﬁnancial
and actuarial mathematics, as well as in psychology and sociology.
J.M. Rassias [14–16] established the Hyers–Ulam stability of linear and nonlinear mappings. In 1999 P. Gaˇvruta [7] an-
swered a question of J.M. Rassias [13] concerning the stability of the Cauchy equation. We note that a mapping f satisfying
the following Jensen equation 2 f ( x+y2 ) = f (x) + f (y) is called Jensen.
We consider some basic concepts concerning quasi-β-normed spaces and some preliminary results. We ﬁx a real num-
ber β with 0 < β  1 and let K denote either R or C. Let X be a linear space over K. A quasi-β-norm ‖ · ‖ is a real-valued
function on X satisfying the following:
(1) ‖x‖ 0 for all x ∈ X and ‖x‖ = 0 if and only if x = 0.
(2) ‖λx‖ = |λ|β · ‖x‖ for all λ ∈ K and all x ∈ X .
(3) There is a constant K  1 such that ‖x+ y‖ K (‖x‖ + ‖y‖) for all x, y ∈ X .
The pair (X,‖ · ‖) is called a quasi-β-normed space if ‖ · ‖ is a quasi-β-norm on X . The smallest possible K is called the
modulus of concavity of ‖ · ‖. A quasi-β-Banach space is a complete quasi-β-normed space.
A quasi-β-norm ‖ · ‖ is called a (β, p)-norm (0 < p  1) if
‖x+ y‖p  ‖x‖p + ‖y‖p
for all x, y ∈ X . In this case, a quasi-β-Banach space is called a (β, p)-Banach space. We can refer to [2,19] for the concept
of quasi-normed spaces and p-Banach spaces.
Given a p-norm, the formula d(x, y) := ‖x − y‖p gives us a translation invariant metric on X . By the Aoki–Rolewicz
theorem [19] (see also [2]), each quasi-norm is equivalent to some p-norm. Since it is much easier to work with p-norms
than quasi-norms, henceforth we restrict our attention mainly to p-norms. In [20], J. Tabor has investigated a version of the
Hyers–Rassias–Gajda theorem (see [4,17]) in quasi-Banach spaces.
Now we consider a mapping g : X → Y satisfying the following functional equation, which is introduced by the ﬁrst
author,
∑
1i< jn
g
(
xi + x j
2
+
n−2∑
l=1,kl =i, j
xkl
)
= (n − 1)
2
2
n∑
i=1
g(xi) (1.1)
for all xi ∈ X , where n ∈ N is a ﬁxed integer with n  2. We observe that in case n = 2 Eq. (1.1) yields Jensen additive
equation 2g( x+y2 ) = g(x) + g(y) and there are many interesting results concerning the stability problems of the Jensen
equation [10,14,16]. Therefore, Eq. (1.1) is a generalized form of the Jensen additive equation.
In this paper we generalize Ulam stability results controlled by more general mappings, by considering approximately
mappings satisfying conditions much weaker than D.H. Hyers and J.M. Rassias conditions on approximately mappings. In
fact, we are to establish the general solution of Eq. (1.1) in this paper, and we are going to investigate the generalized
Hyers–Ulam stability problem for Eq. (1.1) with n  3. As corollaries, we obtain the generalized results of the Hyers–Ulam
stability theorem for Eq. (1.1) in Banach spaces.
2. General additive mappings
First, we introduce the following lemma due to A. Najati and A. Ranjbari [12] with n = 3 in (1.1).
Lemma 2.1. Let X and Y be linear spaces. A mapping f : X → Y satisﬁes the equation
f
(
x1 + x2
2
+ x3
)
+ f
(
x1 + x3
2
+ x2
)
+ f
(
x2 + x3
2
+ x1
)
= 2[ f (x1) + f (x2) + f (x3)] (2.1)
for all x1, x2, x3 ∈ X if and only if f is additive.
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1
2
f (x1 + x2) + f
(
x1
2
+ x2
)
+ f
(
x1 + x2
2
)
= 2[ f (x1) + f (x2)]
is equivalent to f (x1 + x2) = f (x1) + f (x2) for all x1, x2 ∈ X .
Theorem 2.2. Let X and Y be linear spaces and let n 3 be a ﬁxed positive integer. A function f : X → Y satisﬁes the equation
∑
1i< jn
f
(
xi + x j
2
+
n−2∑
l=1,kl =i, j
xkl
)
= (n − 1)
2
2
n∑
i=1
f (xi) (2.2)
for all x1, . . . , xn ∈ X if and only if f is an additive function.
Proof. Putting x1 = · · · = xn = 0 in (2.2), we obtain f (0) = 0. If we put x1 = x, x2 = y, x3 = · · · = xn = 0 in (2.2), then we
have
f
(
x+ y
2
)
+ (n − 2) f
(
x
2
+ y
)
+ (n − 2) f
(
y
2
+ x
)
+ (n − 2)(n − 3)
2
f (x+ y) = (n − 1)
2
2
[
f (x) + f (y)] (2.3)
for all x, y ∈ X . For y = 0 it follows from (2.3) that f (2x) = 2 f (x) for all x ∈ X . Therefore Eq. (2.3) may be rewritten to the
form
f (x+ y) + (n − 2) f (x+ 2y) + (n − 2) f (2x+ y) + (n − 2)(n − 3) f (x+ y) = (n − 1)2[ f (x) + f (y)] (2.4)
for all x, y ∈ X . For y = −x in (2.4) we get f (−x) = − f (x) for all x ∈ X . By virtue of (2.2) we also obtain
f
(
x+ y
2
+ z
)
+ (n − 3) f
(
x
2
+ y + z
)
+ f
(
x+ z
2
+ y
)
+ (n − 3) f
(
y
2
+ x+ z
)
+ f
(
y + z
2
+ x
)
+ (n − 3) f
(
z
2
+ x+ y
)
+ (n − 3)(n − 4)
2
f (x+ y + z)
= (n − 1)
2
2
[
f (x) + f (y) + f (z)]
for all x, y, z ∈ X . Putting here z = −x − y and using properties f (0) = 0, f (2x) = 2 f (x) and f (−x) = − f (x), we infer that
f is an additive function. The converse implication is obvious. 
3. Stability of general additive equations
We recall that a subadditive function is a function φ : A → B , having a domain A and a codomain (B,) that are both
closed under addition, with the following property:
φ(x+ y) φ(x) + φ(y), ∀x, y ∈ A.
Now we say that a function φ : A → B is contractively subadditive if there exists a constant L with 0 < L < 1 such that
φ(x+ y) L[φ(x) + φ(y)], ∀x, y ∈ A.
Then φ satisﬁes the following properties φ(2x) 2Lφ(x) and so φ(2nx) (2L)nφ(x). It follows by the contractively subad-
ditive condition of φ that
φ(λx) λLφ(x), and so φ
(
λi x
)
 (λL)iφ(x), i ∈ N,
for all x ∈ A and all positive integer λ 2.
Similarly, we say that a function φ : A → B is expansively superadditive if there exists a constant L with 0 < L < 1 such
that
φ(x+ y) 1
L
[
φ(x) + φ(y)], ∀x, y ∈ A.
Then φ satisﬁes the following properties φ(x)  L2φ(2x) and so φ(
x
2n )  (
L
2 )
nφ(x). We observe that an expansively super-
additive mapping φ satisﬁes the following properties φ(λx)  λL φ(x) and so φ(
x
λi
)  ( L
λ
)iφ(x), i ∈ N, for all x ∈ A and all
positive integer λ 2.
From now on, we assume that X is a linear space over K and Y is a (β, p)-Banach space with p-norm ‖ · ‖Y without any
speciﬁc reference. Let K be the modulus of concavity of ‖ · ‖Y . Now we are going to investigate the modiﬁed Hyers–Ulam
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deﬁne the difference operator Dμ f : Xn =
n-times︷ ︸︸ ︷
X × · · · × X → Y of Eq. (1.1) by
Dμ f (x1, x2, . . . , xn) :=
∑
1i< jn
f
(
μxi + μx j
2
+
n−2∑
l=1,kl =i, j
μxkl
)
− (n − 1)
2
2
n∑
i=1
μ f (xi)
for all n-variables x1, . . . , xn ∈ X (n 3) which acts as a perturbation of Eq. (1.1).
Theorem 3.1. Assume that there exists a mapping ϕ : Xn =
n-times︷ ︸︸ ︷
X × · · · × X → [0,∞) for which a mapping f : X → Y satisﬁes the
inequality∥∥D1 f (x1, . . . , xn)∥∥Y  ϕ(x1, . . . , xn) (3.1)
for all n-variables x1, . . . , xn ∈ X, and that the map ϕ is contractively subadditive with a constant L satisfying λ1−β L < 1. Then there
exists a unique additive mapping g : X → Y which satisﬁes Eq. (1.1) and the inequality
∥∥ f (x) − g(x)∥∥Y  2βϕ(
n-times︷ ︸︸ ︷
x, . . . , x )
nβλβ p
√
(λβp − λp Lp) (3.2)
for all x ∈ X, where λ := n − 1.
Proof. Substituting x1, . . . , xn := x in the functional inequality (3.1), we obtain∥∥∥∥
(
n
2
)
f
(
(n − 1)x)− n(n − 1)2
2
f (x)
∥∥∥∥
Y
 ϕ(x, . . . , x),∥∥∥∥ f (x) − f (λx)λ
∥∥∥∥
Y
 2
β
nβλ2β
ϕ(x, . . . , x) (3.3)
for all x ∈ X . Therefore it follows from (3.3) with λi x in place of x and iterative method that∥∥∥∥ f (λlx)λl − f (λ
mx)
λm
∥∥∥∥p
Y

m−1∑
i=l
1
λβpi
∥∥∥∥ f (λi x)− f (λi+1x)λ
∥∥∥∥p
Y
 2
βp
nβpλ2βp
m−1∑
i=l
1
λβpi
ϕ
(
λi x, . . . , λi x
)p
 2
βp
nβpλ2βp
m−1∑
i=l
1
λβpi
(λL)piϕ(x, . . . , x)p
= 2
βpϕ(x, . . . , x)p
nβpλ2βp
m−1∑
i=l
(
λ1−β L
)pi
(3.4)
for all x ∈ X and for any m > l  0. Thus it follows that a sequence { f (λmx)
λm
} is Cauchy in Y and so it converges. Therefore
we see that a mapping g : X → Y deﬁned by
g(x) := lim
m→∞
f (λmx)
λm
= lim
m→∞
f ((n − 1)mx)
(n − 1)m
is well deﬁned for all x ∈ X . In addition it is clear from (3.1) that the following inequality
∥∥D1g(x1, . . . , xn)∥∥pY = limm→∞ ‖D1 f (λ
mx1, . . . , λmxn)‖pY
λβpm
 lim
m→∞
ϕ(λmx1, . . . , λmxn)p
λβpm
 lim
m→∞
(
λ1−β L
)pm
ϕ(x1, . . . , xn)
p = 0
holds for all x1, . . . , xn ∈ X and so the mapping g is additive. Taking the limit m → ∞ in (3.4) with l = 0, we ﬁnd that the
mapping g is additive mapping satisfying the inequality (3.2) near the approximate mapping f : X → Y of Eq. (1.1).
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satisﬁes Eq. (1.1) and the inequality (3.2). Then it follows easily that by setting xi := x for all i = 1, . . . ,n in (1.1) we get
T (λx) = λT (x), T (λmx)= λmT (x)
for all x ∈ X and all m ∈ N. Thus one proves by the last equality and (3.2) that∥∥∥∥ f (λmx)λm − T (x)
∥∥∥∥
Y
= 1
λβm
∥∥ f (λmx)− T (λmx)∥∥Y
 1
λβm
2βϕ(
n-times︷ ︸︸ ︷
λmx, . . . , λmx)
nβλβ p
√
(λβp − λp Lp)
 2
βϕ(
n-times︷ ︸︸ ︷
x, . . . , x)
nβλβ p
√
(λβp − λp Lp)
(
λ1−β L
)m
for all x ∈ X and all m ∈ N. Therefore from m → ∞, one establishes
g(x) − T (x) = 0
for all x ∈ X, completing the proof of uniqueness. 
Theorem 3.2. Assume that there exists a mapping ϕ :
n-times︷ ︸︸ ︷
X × · · · × X → [0,∞) for which a mapping f : X → Y satisﬁes the inequality∥∥D1 f (x1, . . . , xn)∥∥Y  ϕ(x1, . . . , xn) (3.5)
for all n-variables x1, . . . , xn ∈ X, and that the map ϕ is expansively superadditive with a constant L satisfying λβ L < λ. Then there
exists a unique additive mapping g : X → Y which satisﬁes Eq. (1.1) and the inequality
∥∥ f (x) − g(x)∥∥Y  2β Lϕ(
n-times︷ ︸︸ ︷
x, . . . , x )
nβλβ p
√
(λp − λβp Lp) (3.6)
for all x ∈ X, where λ := n − 1.
Proof. It follows from (3.3) with x
λi
in place of x and iterative method that
∥∥∥∥λl f
(
x
λl
)
− λm f
(
x
λm
)∥∥∥∥p
Y

m−1∑
i=l
λβpi
∥∥∥∥ f
(
x
λi
)
− λ f
(
x
λi+1
)∥∥∥∥p
Y
 2
βp
nβpλ2βp
m−1∑
i=l
λ(i+1)βpϕ
(
x
λi+1
, . . . ,
x
λi+1
)p
 2
βpϕ(x, . . . , x)p
nβpλ2βp
m−1∑
i=l
(
λβ−1L
)(i+1)p
(3.7)
for all x ∈ X and for any m > l 0. Therefore we see that a mapping g : X → Y deﬁned by
g(x) := lim
m→∞λ
m f
(
x
λm
)
= lim
m→∞(n − 1)
m f
(
x
(n − 1)m
)
is well deﬁned for all x ∈ X . Taking the limit m → ∞ in (3.7) with l = 0, we ﬁnd that the mapping g is an additive mapping
satisfying the inequality (3.2) near the approximate mapping f : X → Y of Eq. (1.1).
The remaining assertion goes through by the similar way to corresponding part of Theorem 3.1. 
Next, we are going to establish another theorem about the stability of Eq. (1.1).
Theorem 3.3. Assume that a mapping f : X → Y satisﬁes∥∥D1 f (x1, . . . , xn)∥∥  ϕ(x1, . . . , xn)Y
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Φ(x, . . . , x) :=
∞∑
i=0
K iϕ(λi x, . . . , λi x)
λβ i
< ∞, lim
m→∞
Kmϕ(λmx1, . . . , λmxn)
λβm
= 0
for all x, x1, . . . , xn ∈ X, where λ := n − 1, then there exists a unique additive mapping g : X → Y such that g satisﬁes Eq. (1.1) and
the inequality
∥∥ f (x) − g(x)∥∥Y  2β Knβλ2β Φ(x, . . . , x)
for all x ∈ X .
Proof. It follows from (3.3) with λi x in place of x and iterative method that
∥∥∥∥ f (x) − f (λmx)λm
∥∥∥∥
Y
 2
β K
nβλ2β
m−2∑
i=0
K iϕ(λi x, . . . , λi x)
λβ i
+ 2
β
nβλ2β
Km−1ϕ(λm−1x, . . . , λm−1x)
λβ(m−1)
(3.8)
for all x ∈ X and for any m > 1, which is considered to be (3.3) for m = 1. In fact, we see by computation∥∥∥∥ f (x) − f (λm+1x)λm+1
∥∥∥∥
Y
 K
∥∥∥∥ f (x) − f (λx)λ
∥∥∥∥
Y
+ K
λβ
∥∥∥∥ f (λx) − f (λm+1x)λm
∥∥∥∥
Y
 2
β K
nβλ2β
ϕ(x, . . . , x) + 2
β K 2
nβλ3β
m−2∑
i=0
K iϕ(λi+1x, . . . , λi+1x)
λβ i
+ 2
β K
nβλ3β
Km−1ϕ(λmx, . . . , λmx)
λβ(m−1)
= 2
β K
nβλ2β
m−1∑
j=0
K jϕ(λ j x, . . . , λ j x)
λβ j
+ 2
β
nβλ2β
Kmϕ(λmx, . . . , λmx)
λβm
for all x ∈ X, which proves the inequality (3.8) for m + 1 by induction.
Thus it follows that a sequence { f (λmx)
λm
} is Cauchy in Y and it converges. Therefore we see that a mapping g : X → Y
deﬁned by
g(x) := lim
m→∞
f (λmx)
λm
= lim
m→∞
f ((n − 1)mx)
(n − 1)m
is well deﬁned for all x ∈ X .
The remaining assertion goes through by the similar way to corresponding part of Theorem 3.1. 
Theorem 3.4. Assume that a mapping f : X → Y satisﬁes∥∥D1 f (x1, . . . , xn)∥∥Y  ϕ(x1, . . . , xn)
for all x1, . . . , xn ∈ X. If the function ϕ : Xn → [0,∞) satisﬁes
Ψ (x, . . . , x) :=
∞∑
i=1
(
λβ K
)i
ϕ
(
x
λi
, . . . ,
x
λi
)
< ∞, lim
m→∞
(
λβ K
)m
ϕ
(
x1
λm
, . . . ,
xn
λm
)
= 0
for all x, x1, . . . , xn ∈ X, where λ := n − 1, then there exists a unique additive mapping g : X → Y such that g satisﬁes Eq. (1.1) and
the inequality
∥∥ f (x) − g(x)∥∥Y  2βnβλ2β Ψ (x, . . . , x)
for all x ∈ X .
Proof. It follows from (3.3) and the similar method to (3.8) that
∥∥∥∥ f (x) − λm f
(
x
λm
)∥∥∥∥
Y
 2
β
nβλ2β
m−1∑
i=1
(
λβ K
)i
ϕ
(
x
λi
, . . . ,
x
λi
)
+ 2
β
nβλ2β K
(
λβ K
)m
ϕ
(
x
λm
, . . . ,
x
λm
)
for all x ∈ X and for any m > 1. Therefore we see that a mapping g : X → Y deﬁned by
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m→∞λ
m f
(
x
λm
)
= lim
m→∞(n − 1)
m f
(
x
(n − 1)m
)
is well deﬁned for all x ∈ X .
The remaining assertion goes through by the similar way to corresponding part of Theorem 3.3. 
We obtain the following corollaries concerning the stability for approximate additive mappings in terms of a product of
powers of norms.
Corollary 3.5. Let X be a quasi-α-normed linear space with quasi-α-norm ‖ · ‖. If there exist real numbers ri ∈ R with r :=∑n
i=1 ri = 1 such that a mapping f : X → Y satisﬁes the functional inequality
∥∥D1 f (x1, . . . , xn)∥∥Y  θ
n∏
i=1
‖xi‖ri
for all x1, . . . , xn ∈ X (X \{0} if ri  0) and some θ  0, then there exists a unique additive mapping g : X → Y which satisﬁes Eq. (1.1)
and the inequality
∥∥ f (x) − g(x)∥∥Y 
⎧⎨
⎩
Kθ2β‖x‖r
nβλβ (λβ−Kλαr ) , if Kλ
αr < λβ
Kθ2β‖x‖r
nβλβ (λαr−Kλβ ) , if Kλ
β < λαr
⎫⎬
⎭
for all x ∈ X (X \ {0} if r  0), where λ := n − 1.
Corollary 3.6. Let X be a quasi-α-normed linear space with quasi-α-norm ‖ · ‖. If there exists a ﬁxed r ∈ R such that a mapping
f : X → Y satisﬁes the functional inequality
∥∥D1 f (x1, . . . , xn)∥∥Y  θ
(
n∑
i=1
‖xi‖r
)
for all x1, . . . , xn ∈ X (X \ {0} if r  0), then there exists a unique additive mapping g : X → Y which satisﬁes Eq. (1.1) and the
inequality
∥∥ f (x) − g(x)∥∥Y 
⎧⎨
⎩
nKθ2β‖x‖r
nβλβ (λβ−Kλαr ) , if Kλ
αr < λβ
nKθ2β‖x‖r
nβλβ (λαr−Kλβ ) , if Kλ
β < λαr
⎫⎬
⎭
for all x ∈ X (X \ {0} if r  0), where λ := n − 1.
Now, we present the following counterexample modiﬁed by the counterexample of Z. Gajda [4] in the special 3D case:
n = 3;λ = 2; α = β = K = r = 1 for Eq. (2.1). In fact, let us take the following function of Z. Gajda, f : R → R deﬁned by
f (x) =∑∞n=0 φ(2nx)2n , x ∈ R, where
φ(x) =
⎧⎪⎨
⎪⎩
μ, if x 1;
μx, if x ∈ (−1,1);
−μ, if x−1, μ = θ6 , θ > 0.
⎫⎪⎬
⎪⎭
It was proven in [4] that∣∣ f (x1 + x2) − f (x1) − f (x2)∣∣ θ(|x1| + |x2|). (3.9)
Therefore from (3.9) one obtains the Jensen inequality∣∣∣∣2 f
(
x1 + x2
2
)
− f (x1) − f (x2)
∣∣∣∣ 2
∣∣∣∣ f
(
x1 + x2
2
)
− f
(
x1
2
)
− f
(
x2
2
)∣∣∣∣+
∣∣∣∣− f
(
x1 + x1
2
)
+ f
(
x1
2
)
+ f
(
x1
2
)∣∣∣∣
+
∣∣∣∣− f
(
x2 + x2
2
)
+ f
(
x2
2
)
+ f
(
x2
2
)∣∣∣∣
 2θ
(∣∣∣∣ x12
∣∣∣∣+
∣∣∣∣ x22
∣∣∣∣
)
+ θ
(∣∣∣∣ x12
∣∣∣∣+
∣∣∣∣ x12
∣∣∣∣
)
+ θ
(∣∣∣∣ x22
∣∣∣∣+
∣∣∣∣ x22
∣∣∣∣
)
= 2θ(|x1| + |x2|). (3.10)
Thus from (3.9) and (3.10), we ﬁnd the inequality
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(
x1 + x2
2
+ x3
)
+ f
(
x1 + x3
2
+ x2
)
+ f
(
x2 + x3
2
+ x1
)
− 2[ f (x1) + f (x2) + f (x3)]∣∣∣∣

∣∣∣∣ f
(
x1 + x2
2
+ x3
)
− f
(
x1 + x2
2
)
− f (x3)
∣∣∣∣+ 12
∣∣∣∣2 f
(
x1 + x2
2
)
− f (x1) − f (x2)
∣∣∣∣
+
∣∣∣∣ f
(
x1 + x3
2
+ x2
)
− f
(
x1 + x3
2
)
− f (x2)
∣∣∣∣+ 12
∣∣∣∣2 f
(
x1 + x3
2
)
− f (x1) − f (x3)
∣∣∣∣
+
∣∣∣∣ f
(
x2 + x3
2
+ x1
)
− f
(
x2 + x3
2
)
− f (x1)
∣∣∣∣+ 12
∣∣∣∣2 f
(
x2 + x3
2
)
− f (x2) − f (x3)
∣∣∣∣
 θ
( |x1| + |x2|
2
+ |x3|
)
+ 1
2
[
2θ
(|x1| + |x2|)]+ θ( |x1| + |x3|
2
+ |x2|
)
+ 1
2
[
2θ
(|x1| + |x3|)]
+ θ
( |x2| + |x3|
2
+ |x1|
)
+ 1
2
[
2θ
(|x2| + |x3|)]
= 4θ(|x1| + |x2| + |x3|).
But we observe from [4] that
f (x)
x
→ ∞, as x → ∞; and | f (x) − g(x)||x| (x = 0) is unbounded,
where g(x) = limm→∞ f (2mx)2m , or g(x) = limm→∞ 2m f (2−mx).
Corollary 3.7. If there exists a ﬁxed δ  0 such that a mapping f : X → Y satisﬁes the functional inequality∥∥D1 f (x1, . . . , xn)∥∥Y  δ
for all x1, . . . , xn ∈ X, then there exists a unique additive mapping g : X → Y which satisﬁes Eq. (1.1) and the inequality
∥∥ f (x) − g(x)∥∥Y  Kδ2βnβλβ(λβ − K ) if K < λβ
for all x ∈ X, where λ := n − 1.
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